Abstract-It was recently conjectured that the Hurwitz stability of the convex hull of a set of Metzler matrices is a necessary and sufficient condition for the asymptotic stability of the associated switched linear system under arbitrary switching. In this note, we show that 1) this conjecture is true for systems constructed from a pair of second-order Metzler matrices; 2) the conjecture is true for systems constructed from an arbitrary finite number of second-order Metzler matrices; and 3) the conjecture is in general false for higher order systems. The implications of our results, both for the design of switched positive linear systems, and for research directions that arise as a result of our work, are discussed toward the end of the note.
I. INTRODUCTION
Positive dynamical systems are of fundamental importance to numerous applications in areas such as Economics, Biology, Sociology and Communications. Historically, the theory of positive linear timeinvariant (LTI) systems has assumed a position of great importance in systems theory and has been applied in the study of a wide variety of dynamic systems [1] - [4] . Recently, new studies in communication systems [5] , formation flying [6] , and other areas, have highlighted the importance of switched (hybrid) positive linear systems (PLS). In the last number of years, a considerable effort has been expended on gaining an understanding of the properties of general switched linear systems [7] , [8] . As is the case for general switched systems, even though the main properties of positive LTI systems are well understood, many basic questions relating to switched PLS remain unanswered. The most important of these concerns their stability, and in this note, we present some initial results on the stability of switched PLS. Recently, it was conjectured by the authors of [9] , and independently by David Angeli, that the asymptotic stability of a positive switched linear system can be determined by testing the Hurwitz-stability of an associated convex set of matrices. This conjecture was based on preliminary results on the stability of positive switched linear systems and is both appealing and plausible. Moreover, if it were true, it would have significant implications for the stability theory of positive switched linear systems. In this note, we shall extend some earlier work and show that the above conjecture is true for some specific classes of positive systems. However, one of the the major contributions of the note is to construct a counterexample which proves that, in general, the conjecture is false. However, this in turn gives rise to a number of open questions for future research, some of which we discuss towards the end of the note.
The layout of the note is as follows. In Section II we present the mathematical background and notation necessary to state the main results of the note. Then in Section III, we present necessary and sufficient conditions for the uniform asymptotic stability of switched second-order positive linear systems. In Section IV we show by means of an abstract construction that the results derived in the preceding sections do not generalize to higher dimensional systems. In Section V, we demonstrate that these results also fail to generalize for the more restrictive case of matrices with constant diagonals and we make some observations on the computation of the joint Lyapunov exponent for positive switched systems in Section VI. Finally, our conclusions are presented in Section VII.
II. MATHEMATICAL PRELIMINARIES
In this section, we present a number of preliminary results that shall be needed later and introduce the main notations used throughout the note.
A. Notation
Throughout, denotes the field of real numbers, n stands for the vector space of all n-tuples of real numbers and n2n is the space of n 2 n matrices with real entries. For x in n ; x i denotes the ith component of x, and the notation x 0(x 0) means that x i > 0(xi 0) for 1 i n. n + = fx 2 n :x 0g denotes the nonnegative orthant in n . Similarly, for a matrix A in n2n , a ij or A(i; j) denotes the element in the (i; j) position of A, and A 0(A 0) means that aij > 0(aij 0) for 1 i; j n. A B)(A B) means that A 0 B 0(A 0 B 0). We write A T for the transpose of A and exp(A) for the usual matrix exponential of A 2 n2n .
For P in n2n the notation P > 0(P 0) means that the matrix P is positive (semi-)definite, and PSD(n) denotes the cone of positive semi-definite matrices in n2n . The spectral radius of a matrix A is the maximum modulus of the eigenvalues of A and is denoted by (A). 
C. Common Quadratic Lyapunov Functions and Stability
It is well known that the existence of a common quadratic Lyapunov function (CQLF) for the family of stable LTI systems 6 A : _ x = A i x i 2 f1; . . . ; kg is sufficient to guarantee that the associated switched system 6S: _ x = A(t)x A(t) 2 fA1; . . . ; A k g is uniformly asymptotically stable under arbitrary switching. Throughout the note, when we speak of the stability (uniform asymptotic stability) of a switched linear system, we mean stability (uniform asymptotic stability) under arbitrary switching.
Note that any initial state x0 2 n can be written as x0 = u 0 v where u; v 0. Hence, for linear systems, uniform asymptotic stability with respect to initial conditions in the positive orthant is equivalent to uniform asymptotic stability with respect to arbitrary initial conditions in n . In particular, if a positive switched linear system fails to be uniformly asymptotically stable (UAS) for initial conditions in the whole of n , then it is also not UAS for initial conditions in the positive orthant.
Formally checking for the existence of a CQLF amounts to looking for a single positive-definite matrix P = P T > 0 in n2n satisfying the k Lyapunov inequalities A T i P + PA i < 0 i 2 f1; . . . ; kg. If such a P exists, then V (x) = x T Px defines a CQLF for the LTI systems 6A . While the existence of such a function is sufficient for the uniform asymptotic stability of the associated switched system, it is in general not necessary for stability [8] , and CQLF existence can be a conservative condition for stability. However, recent work has established a number of system classes for which this is not necessarily the case [11] , [12] . The results in these papers relate the existence of an unbounded solution to a switched linear system to the Hurwitz-stability of the convex hull of a set of matrices and are based on the following theorem.
Theorem 2.1: [13] , [14] Let A1; A2 2 n2n be Hurwitz matrices.
A sufficient condition for the existence of an unstable switching signal for the system _ x = A(t)x; A(t) 2 fA 1 ; A 2 g; is that A 1 + A 2 has an eigenvalue with a positive real part for some positive .
Any trajectory of a positive system originating in the positive orthant will remain there as time evolves. Consequently, to demonstrate the stability of such systems, one need not search for a CQLF, but rather the existence of a copositive Lyapunov function. Formally, V (x) = x T Px is a copositive CQLF if the symmetric matrix P 2 n2n is such that x T Px > 0 for x 2 n + ; x 6 = 0; and x T (A T i P + PAi)x T < 0 i 2 f1; . . . ; kg; 8x 0; x 6 = 0.
III. SECOND ORDER POSITIVE LINEAR SYSTEMS
In this section, we shall show that the conjecture in [9] is true for second-order positive switched linear systems. First, we recall the result of [11] which described necessary and sufficient conditions for the existence of a CQLF for a pair of general second-order LTI systems. Proof: As A1; A2 are both Hurwitz, the determinant of A1A2 must be positive. Also, the diagonal entries of A 1 A 2 must both be positive. Hence, the trace of A 1 A 2 is positive. It now follows easily that the product A1A2 cannot have any negative eigenvalues.
Combining Theorem 3.1 and Lemma 3.1 yields the following result. 
for 1 i < j k is uniformly asymptotically stable.
Outline of Proof: a) First, we show that c) Finally, we show that for sufficiently small > 0 the same conclusion will hold if we replace each system matrix A i with Ai + I . This then establishes the uniform asymptotic stability of the system (1). Proof: It is immediate that if the system (1) is uniformly asymptotically stable (for arbitrary switching), then each of the systems (2) is also. Now suppose that for each i; j with 1 i < j k, the system (2) is uniformly asymptotically stable. We can assume without loss of generality that for all a > 0 and 1 i < j k, the matrix A i 0 aA j is not zero. Let As we assumed that for all a > 0; 1 i < j k the matrix Ai 0 aAj is not zero, it follows that there exists a finite subset Sing = :f0 â 1 < 111 <â q 1g such that all vectors in Symp 0 Sing belong to the interior of some d (i;j) .
It now follows that Symp can be partitioned into a finite family of closed intervals, each of them contained in some d (i;j) . This in turn defines a partition of 2 + 0f0g into finitely many closed cones/wedges Secj ; 1 j m, each of which is contained in some D (L(j);U (j)) .
We shall label the rays which define this partition r 1 ; . . . ; r m+1 where r1 is the y-axis, rm+1 is the x-axis and the rays are enumerated in the clockwise direction. Now, by assumption, the switched system _ x = A(t)x A(t) 2 fA L(j) ; A U (j) g is uniformly asymptotically stable for all 1 j m. Thus, it follows from Theorem 3.2 that, for 1 j m, there exist quadratic forms x T P j x; P j = P
follows that x T P j A i x 0 for all x 2 Sec j and all i with 1 i k.
Now, choose a point T 1 = (0;y)
T ; y > 0 and consider the level curve of x T P1x which passes through T1. This curve intersects the second ray r 2 at some point T 2 and the level curve of x T P 2 x going through T 2 intersects the third ray r 3 at some point T 3 . We can continue this process until we reach some point Tm+1 on the x-axis. This gives us a domain bounded by the y-axis, the chain of ellipsoidal arcs defined above, and the x-axis. This domain is an invariant set for (1), which implies that the trajectories of the system (1) are uniformly bounded. The same conclusion will hold if we replace the system matrices A1; . . . ; A k with fA1 + I; . . . ; A k + Ig for some small enough positive . This implies that the original system (1) is in fact uniformly asymptotically stable and completes the proof of the theorem.
IV. HIGHER DIMENSIONAL SYSTEMS
Motivated by results such as those described in the previous section, a number of authors have recently formulated the following conjecture. is uniformly asymptotically stable. In the remainder of this section, we shall present a counterexample to Conjecture 1, based on arguments first developed by Gurvits in [16] (which extended the results in [17] , [18] ). It follows from Lemma 4.1 that if Conjecture 1 was true, then the same statement would also hold for switched linear systems having an invariant proper polyhedral convex cone.
Given a matrix A 2 n2n , define the linear operatorÂ, on the space of n 2 n real symmetric matrices, byÂ(X) = A T X + XA. It is a straightforward exercise to verify that if x 1 (t) and x 2 (t) are solutions of the system _x = A T x with initial conditions x 1 (0) = x 1 ; x 2 (0) = x2, then x1(t)x2(t)
T is a solution of the linear system _ X =Â(X),with initial conditions x 1 x T 2 +x 2 x T 1 . The following result follows easily by combining this observation with standard facts about the existence and uniqueness of solutions to linear systems. 2) The cone, PSD(n), of positive-semidefinite matrices in n2n is an invariant cone for the switched system _ X = A(t; X)Â(t; X) 2 fÂ1(X); ...;Â k (X)g.
3) The system _ X =Â(t; X);Â(t; X) 2 fÂ 1 (X);...;Â k (X)g is uniformly asymptotically stable if and only if the system _x = A(t)x; A(t) 2 fA1; ...;A k g is uniformly asymptotically stable. (2)) PSD(2) for i = 1; 2, and all t 0.
From examining the power series expansion of exp(B i t), it follows that for any > 0, there exists > 0 and two linear operators 1 i ; i = 1; 2 such that (I +Bi + 1i)(PSD(2)) PSD (2) Thus, the statement of Conjecture 1 is not true for switched linear systems with an invariant proper, polyhedral cone and hence, it follows from Lemma 4.1 that Conjecture 1 itself is also false. However, on examining the proof of Lemma 4.1, we see that the dimension of the counterexample is determined by the number of generators of the polyhedral approximation PH, and this may be very large.
V. MATRICES WITH CONSTANT DIAGONALS
In the recent paper [15] , it was shown that for Metzler, Hurwitz matrices A 1 ; ...;A k in 222 all of whose diagonal entries are equal to 01 (Aj (i;i) = 01 for i = 1; 2;j = 1; ...;k), the Hurwitz-stability of all matrices in CO(A 1 ; ...;A k ) is equivalent to the uniform asymptotic stability of the associated switched linear system. Motivated by this result, Mehmet Akar recently asked if a counterexample to Conjecture 1 exists for the more restrictive system class satisfying: A j (i;i) = 01 for 1 i n, 1 j k. We shall now show that such a counterexample does indeed exist. Note that it is enough to provide a counterexample such that each matrix A j ; 1 j k has a constant diagonal in the sense that there are real numbers c1; ...;c k such that Aj(i; i) = cj for i = 1; ...;n, j = 1; ...;k. 
VI. THE JOINT LYAPUNOV EXPONENT
In this section, we shall make some simple observations concerning the computation of the joint Lyapunov exponent, which is a continuoustime analogue of the joint spectral radius. 
VII. CONCLUSION
In this note, we have presented a counterexample to a recent conjecture presented in [9] , and formulated independently by David Angeli, concerning the uniform asymptotic stability of switched positive linear systems. In particular, we have shown that the stability of a positive switched linear system is not in general equivalent to the Hurwitz stability of the convex hull of its system matrices. Furthermore, we have also shown that this conjecture fails for the more restrictive case where the system matrices are required to have constant diagonals. While this conjecture is now known to be false, the lowest dimension for which it fails is still not known. Thus it may be true for other, low-dimensional classes of positive systems. Also, it is not known how large the set of counterexamples is, which means that the conjecture may be true for significant subclasses of switched positive linear systems.
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